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Probability Models

Discrete Probability Models

Binomial Distribution

𝑋 ∼ Binomial(𝑛, 𝑝)

𝑃 (𝑋 = 𝑥) = (𝑛
𝑥
)𝑝𝑥(1 − 𝑝)𝑛−𝑥, 𝑥 = 0, 1,… , 𝑛

𝐸(𝑋) = 𝑛𝑝 𝑉 (𝑋) = 𝑛𝑝𝑞 𝑞 = 1 − 𝑝

Hypergeometric Distribution

𝑋 ∼ Hypergeometric(𝑁, 𝑀, 𝑛) 𝑝 = 𝑀
𝑁

𝑃(𝑋 = 𝑥) =
(𝑀

𝑥
)(𝑁 −𝑀

𝑛− 𝑥
)

(𝑁
𝑛
)

, max(0, 𝑀 + 𝑛 −𝑁) ≤ 𝑥 ≤ min(𝑀, 𝑛)

𝐸(𝑋) = 𝑛𝑝 𝑉 (𝑋) = 𝑛𝑝𝑞 𝑁 − 𝑛
𝑁 − 1
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Poisson Distribution

𝑋 ∼ Poisson(𝜆), 𝜆 > 0

𝑃(𝑋 = 𝑥) = 𝑒−𝜆 𝜆𝑥

𝑥!
, 𝑥 = 0, 1, 2,…

𝐸(𝑋) = 𝑉 (𝑋) = 𝜆

Geometric Distribution

𝑋 ∼ Geometric(𝑝), 0 ≤ 𝑝 ≤ 1

𝑓(𝑥) = 𝑝(1 − 𝑝)𝑥−1, 𝑥 = 1, 2,… 𝐹(𝑥) = 1 − (1 − 𝑝)𝑘, 𝑘 ≤ 𝑥 < 𝑘 + 1

𝐸(𝑋) = 1
𝑝

𝑉 (𝑋) = 1 − 𝑝
𝑝2

Continuous Probability Models

Uniform Distribution

𝑋 ∼ Uniform(𝑎, 𝑏), 𝑎, 𝑏 ∈ ℝ, 𝑎 < 𝑏

𝐹(𝑥) =
⎧
{
⎨
{
⎩

0 𝑥 < 𝑎
𝑥 − 𝑎
𝑏 − 𝑎

𝑎 ≤ 𝑥 < 𝑏

1 𝑥 ≥ 𝑏

𝐸(𝑋) = 𝑎 + 𝑏
2

𝑉 (𝑋) = (𝑏 − 𝑎)2

12

Exponential Distribution

𝑋 ∼ Exponential(𝜆), 𝜆 > 0

𝐹(𝑥) = {
0 𝑥 ≤ 0
1 − 𝑒−𝜆𝑥 𝑥 > 0
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𝐸(𝑋) = 1
𝜆

𝑉 (𝑋) = 1
𝜆2

Normal Distribution

𝑋 ∼ Normal(𝜇, 𝜎), 𝜇 ∈ ℝ, 𝜎 > 0

𝐸(𝑋) = 𝜇 𝑉 (𝑋) = 𝜎2

𝑍 = 𝑋 − 𝜇
𝜎

∼ Normal(0, 1) 𝐸(𝑍) = 0 𝑉 (𝑍) = 1

Φ(𝑧) = 𝑃(𝑍 ≤ 𝑧) Φ(−𝑧) = 1 − Φ(𝑧)

t-Student Distribution

𝑇 ∼ 𝑡(𝑛), 𝑛 degrees of freedom

𝐸(𝑇 ) = 0 𝑉 (𝑇 ) = 𝑛
𝑛 − 2

, 𝑛 > 2

Chi-Square Distribution

𝑄 ∼ 𝜒2
(𝑛), 𝑛 degrees of freedom

𝐸(𝑄) = 𝑛 𝑉 (𝑄) = 2𝑛

𝑌 =
𝑛

∑
𝑖=1

𝑍2
𝑖 ∼ 𝜒2

(𝑛), 𝑍𝑖 ∼ Normal(0, 1) i.i.d.
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Sampling

Sample Statistics

𝑋̄ = 1
𝑛

𝑛
∑
𝑖=1

𝑋𝑖

𝑆2 = 1
𝑛

𝑛
∑
𝑖=1

(𝑋𝑖 − 𝑋̄)2 = 1
𝑛
∑𝑋2

𝑖 − 𝑋̄2

𝑆′ 2 = 1
𝑛 − 1

𝑛
∑
𝑖=1

(𝑋𝑖 − 𝑋̄)2 = 1
𝑛 − 1

∑𝑋2
𝑖 − 𝑛

𝑛 − 1
𝑋̄2

𝑆2 = 𝑛 − 1
𝑛

𝑆′ 2 𝑆′ 2 = 𝑛
𝑛 − 1

𝑆2

Sampling Distributions and Confidence Intervals for 𝜇

# Population Distribution of 𝑋̄ (1−𝛼)× 100% Confidence Interval

1 𝑋 ∼ 𝑁(𝜇, 𝜎); 𝜎2 known 𝑍 = 𝑋̄ − 𝜇
𝜎/

√
𝑛

∼ 𝑁(0, 1) ( ̄𝑥 − 𝑧𝛼/2
𝜎√
𝑛
, ̄𝑥 + 𝑧𝛼/2

𝜎√
𝑛
)

2 𝑋 ∼ 𝑁(𝜇, 𝜎); 𝜎2 un-
known

𝑇 = 𝑋̄ − 𝜇
𝑆′/

√
𝑛

∼ 𝑡(𝑛−1) ( ̄𝑥 − 𝑡𝛼/2
𝑠′
√
𝑛
, ̄𝑥 + 𝑡𝛼/2

𝑠′
√
𝑛
)

2b 𝑋 ∼ 𝑁(𝜇, 𝜎); 𝜎2 un-
known, 𝑛 ≥ 30

𝑍 = 𝑋̄ − 𝜇
𝑆′/

√
𝑛

∼̇ 𝑁(0, 1) ≈ ( ̄𝑥 − 𝑧𝛼/2
𝑠′
√
𝑛
, ̄𝑥 + 𝑧𝛼/2

𝑠′
√
𝑛
)

3a 𝑋 ∼ ?; 𝜎2 known, 𝑛 ≥
30

𝑍 = 𝑋̄ − 𝜇
𝜎/

√
𝑛

∼̇ 𝑁(0, 1) ≈ ( ̄𝑥 − 𝑧𝛼/2
𝜎√
𝑛
, ̄𝑥 + 𝑧𝛼/2

𝜎√
𝑛
)

3b 𝑋 ∼ ?; 𝜎2 unknown,
𝑛 ≥ 30

𝑍 = 𝑋̄ − 𝜇
𝑆′/

√
𝑛

∼̇ 𝑁(0, 1) ≈ ( ̄𝑥 − 𝑧𝛼/2
𝑠′
√
𝑛
, ̄𝑥 + 𝑧𝛼/2

𝑠′
√
𝑛
)

Sampling Distribution and Confidence Interval for 𝑝

Population Distribution of ̂𝑝 = 𝑋/𝑛 (1 − 𝛼) × 100% Confidence Interval

𝑋 ∼ Binomial(𝑛, 𝑝), 𝑛 ≥
30

̂𝑝 − 𝑝
√ ̂𝑝(1 − ̂𝑝)/𝑛

∼̇ 𝑁(0, 1) ( ̂𝑝 − 𝑧𝛼/2√
̂𝑝(1 − ̂𝑝)

𝑛
, ̂𝑝 + 𝑧𝛼/2√

̂𝑝(1 − ̂𝑝)
𝑛

)

(approx.)
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Sampling Distribution and Confidence Interval for 𝜎2

Population Distribution of 𝑆′ 2 (1−𝛼)×100% Confidence Interval

𝑋 ∼ 𝑁(𝜇, 𝜎) 𝑄 = (𝑛 − 1)𝑆′ 2

𝜎2 ∼ 𝜒2
(𝑛−1) ((𝑛 − 1)𝑠′ 2

𝑞sup
, (𝑛 − 1)𝑠′ 2

𝑞inf
)

𝑃(𝑄 > 𝑞inf) = 1 − 𝛼
2

𝑃(𝑄 > 𝑞sup) =
𝛼
2

Parametric Hypothesis Tests (at level 𝛼)

Hypotheses Test Statistic
(TS)

Critical Region

𝐻0 ∶ 𝜃 = 𝜃0 vs 𝐻1 ∶ 𝜃 ≠ 𝜃0 TS0 (−∞, 𝑞𝛼/2) ∪ (𝑞1−𝛼/2, +∞)

𝐻0 ∶ 𝜃 ≤ 𝜃0 vs 𝐻1 ∶ 𝜃 > 𝜃0 TS0 (𝑞1−𝛼, +∞)

𝐻0 ∶ 𝜃 ≥ 𝜃0 vs 𝐻1 ∶ 𝜃 < 𝜃0 TS0 (−∞, 𝑞𝛼)

𝑃 (TS > 𝑞𝛼) = 𝛼 Reject 𝐻0 if 𝛼 > 𝑝-value

𝛼 = 𝑃(Reject 𝐻0 ∣ 𝐻0 true) (Type I error probability)
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